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By removing a line from this plane we arrive at the Euclidean plane. Every convex, differentiable simply closed curve in the Euclidean plane is an oval in the real projective plane, that is, a set of points such that (01) every line in the projective plane intersects the set in no more than two points, and such that ( 02) every point p of the set is contained in precisely one line that intersects the set only in p.
Actually, every oval that is homeomorphic to a circle arises in this manner as a convex, differentiable simply closed curve. A line that intersects an oval in no, 1, or 2 points is called exterior line, tangent or secant of the oval, respectively. The real Desarguesian projective plane is the classical example of a fiat projective plane, that is, a projective plane which shares the point set with the real Desarguesian projective plane and whose lines are homeomorphic to the circle § 1 . For non-isomorphic examples the reader is referred to [3) and [4, Chapter 3) . Using transfinite induction ( cf. [2] ) it is possible to construct ovals in such a plane. However, these ovals are not very 'nice' from a topological point of view. It is also known (see [1] ) that an oval in a flat projective plane is a closed subset of its point set if and only if it is homeomorphic to a circle. Such an oval is called topological and automatically shares many of the properties of topological ovals in the real Desarguesian projective plane. We will mention some of these properties in Section 3 of this note. Topological ovals play a crucial role in the theory of flat incidence geometries, in particular in the theory of flat circle planes ( cf. [5] ). Our goal is to show that topological ovals exist in every fl.at projective plane. A projective plane whose point set and line set carry topologies is called topological if the operations of joining two distinct points by a line and intersecting two distinct lines in a point are continuous in their respective domains of definition. It is possible to turn any flat projective plane into a topological projective plane in an essentially unique way. Its point set already carries a natural topology and the topology on the line set that does the trick is the so-called Hausdorff topology. The dual of a projective plane is the point-line geometry that we arrive at by exchanging the roles of points and lines. It is clear from axioms (Pl) and (P2) and from what we just said that the dual of a ( topological) projective plane is a ( topological) projective plane. In particular, the dual of a flat projective plane is topological and if we regard a point as the set of all lines it is contained in, this dual can be seen to be a flat projective plane, too.· For details the reader is referred to [3] and [4] .
Here is a brief sketch of our construction of a topological oval in a fl.at projective plane: We first observe that the set of tangents of such an oval is a dual oval, that is, a topological oval in the dual projective plane ( cf. [l] ). This is in strong contrast to the situation for Mazurkiewicz' ovals ( cf. [2] ), where all tangents pass through one single point. A pair consisting of a point and a line that passes through the point is called a flag. Every point of an oval together with the tangent at this point is a flag. Any set of such flags associated with a topological oval is a quasi-oval (see Section 3). On the other hand, we will show that closed quasi-ovals exist in any flat projective plane, that it is possible to extend every closed quasi-oval by a flag to a larger quasi-oval, that this extension process can be done to eventually give a 'dense' and 'round' quasi-oval, and finally that the topological closure of such a quasi-oval is a topological oval.
For the rest of this note let 'P be a flat projective plane with point set P and line set £. Note again that, as topological spaces, both sets are homeomorphic to the point set of the real Desarguesian projective plane. Furthermore, we denote the pencil of all lines through a point p by .Lp, If we remove a line from a flat projective plane, the incidence structure we are left with is a fiat affine plane. Like the Euclidean plane, the point set of a flat affine plane is homeomorphic to 11 2 and all its lines are subsets of its point set separating the point set into two open components. Furthermore, as in any affine plane, two distinct points are contained in a unique connecting line and there is a unique parallel line to a given line through some point. Finally, two non-parallel lines in a flat affine plane intersect transversally, that is, they never just 'touch' in their common point. These facts lead to a convexity theory for flat affine planes, that is, a generalization of the convexity theory for the Euclidean plane. In this theory a subset of the point set of a flat affine plane is called convex if any two of its points can be connected by a line segment that is completely contained in the set. For details the reader is referred to [4, Chapter 31 ].
Half-planes, Intervals and Triangles
In this section we compile some further facts about flat projective planes that we will need in the following. All these facts are easy consequences of the convexity theory for flat affine planes.
Let L and M be lines and p, Pl, pz and p3 be points of 'P. For L -/=-M the set P \(LUM) consists of two connected components. We call each connected component a Figure 1. 3). The intervals defined by the vertices of a triangle relative to the same line are called its sides.
The following lemma states some facts we will be using frequently [ 
Quasi-ovals
In this section we define quasi-ovals and collect some results about them. Let 7!' 1 and 71'2 be the projections from the set of flags of P to P and £, respectively. A set :F of flags in P is called a quasi-oval if there exists a line L of P such that ( Q O) for every flag ( q, M) E :F the set 71'1 ( :F \ { ( q, M)}) is contained in one of the two connected components of P \(LUM) (see Figure 3 ).
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Example 1. We want to construct a quasi-oval containing three given points p 1 , P2 and p 3 that are not collinear. Choose a line L that does not contain any of the points.
For {i,j,k} = {1,2,3} we define Li := Pi V ((Pj V Pk) AL). By Lemma 1.1 the set {(P1,L1),(P2,L2),(p3,L3)} is a quasi-oval.
Note that we can extend a quasi-oval with less than three flags to a quasi-oval with three flags by choosing L to yield the above situation for the already given points and lines. quasi-oval is a maximal quasi-oval, that is, a quasi-oval that is not properly contained in any other quasi-oval. We will later construct the promised topological ovals by starting off with a quasi-oval from Example 1 and then adding new flags until we arrive at a maximal quasi-oval.
Some care has to be taken here, since not all maximal quasi-ovals yield ovals ( see In analogy to the terminology of ovals, we call the points in 71' 1 (F) the points of F, and the lines in 7r2(F) the tangents of F.
Quasi-ovals and topological ovals have many properties in common. Here are some examples. 4 implies that an open triangle defined by three points of a quasi-oval contains no points of the quasi-oval. On the other hand, all points of a quasi-oval are contained in the closure of a triangle 'formed' by tangents of the quasi-oval ( cf. Lemma 2). In order to employ this observation we will now give another definition of quasi-ovals, which is more convenient to work with. Let ( Fo, p, L) In the latter case at least one of the points of the complete triangle is in the half-plane opposite the Hf N and we obtain a contradiction.
We can now assume that the tangents t~ all points of F in llL(P, q, q 1 ) pass through q or through q 1 . This then gives us a contradiction as before, since the dual of F is a quasi-oval. Hence Fis a quasi-oval with respect to (Fo,p,L) . By 
The Construction
The aim of this section is to prove Theorem 2. Every closed quasi-oval can be extended to a quasi-oval whose point set is a topological oval.
As already mentioned in the introduction, Theorem 2 and Example 1 together prove our main result. In fact, there are plenty of topological ovals in every flat projective plane.
Corollary. For any three non-collinear points of a :Bat projective plane there is a topological oval passing through these three points.
The following lemma is the main step in the proof of Theorem 2. 
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Proof The strategy is simple: We choose a point q E R n 6.L( q1, qz, M1 /\ M2) and a line M through q that intersects q1 V q 2 in a point of ( q 1 V q 2 ) \ [ q 1 , qz) L. However, we have to make sure that the above triangle is well-defined, that our choices of q and M exist and that a quasi-oval results. Before we do this in a number of steps, let us fix some notation. Let (p1,L1), (P2,L2), (p3,L3) be the flags in the set :Fo and let !:lo := 6.L(P1,Pz,p3). Furthermore, let 6.i := 6.L(Pj,Pk,Lj /\ Lk) for {i,j,k} = {1,2,3}. Then q1,q2 E 6.1 U 6.2 U 6.3 U {P1,P2,p3} by Lemma 2.
We first show that qi, q2 are in the same extended triangle 6.i U {Pj,pk}. Suppose otherwise, say q1 E 6.1 and qz E 6.3 U {pi}. 
